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Multiple Choice

1.(7 pts.) The series
∞∑
n=2

(−1)n+1

√
n

This series converges conditionally. It’s an alternating series with bn = 1/
√
n. We have

(i) The sequence {bn}∞n=2 is decreasing since
√
n+ 1 >

√
n and thus bn+1 = 1/

√
n+ 1 <

1/
√
n = bn for all n ≥ 2.

(ii) limn→∞ bn = limn→∞ 1/
√
n = 0.

Thus the series converges by the Alternating Series Test. But the series
∞∑
n=2

|(−1)n+1

√
n
| =

∞∑
n=2

1√
n

diverges since it’s a p series and p =
1

2
< 1.

(a) converges absolutely.

(b) diverges because the terms alternate.

(c) diverges even though lim
n→∞

(−1)n+1

√
n

= 0.

(d) diverges because lim
n→∞

(−1)n+1

√
n
6= 0.

(e) does not converge absolutely but does converge conditionally.
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2.(7 pts.) Use Comparison Tests to determine which one of the following series is diver-
gent.

∞∑
n=1

1

n(3/2)+1
converges by comparison with

∞∑
n=1

1

n

3

2

, a p-series with p =
3

2
> 1.

∞∑
n=1

1

n2 + 8
converges by comparison with

∞∑
n=1

1

n2
, a p-series with p = 2 > 1.

∞∑
n=1

n2 − 1

n3 + 100
diverges by limit comparison with

∞∑
n=1

1

n
, a p-series with p = 1.

∞∑
n=1

7

(
5

6

)n
converges since it is a geometric series with |r| = 5

6
< 1.

∞∑
n=1

n

n+ 1

(
1

2

)n
converges by comparison with

∞∑
n=1

(
1

2

)n
, a geometric series with |r| =

1

2
< 1.

(a)
∞∑
n=1

n

n+ 1

(
1

2

)n
(b)

∞∑
n=1

n2 − 1

n3 + 100
(c)

∞∑
n=1

1

n
3
2 + 1

(d)
∞∑
n=1

7

(
5

6

)n
(e)

∞∑
n=1

1

n2 + 8
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3.(7 pts.) Consider the following series

(I)
∞∑
n=1

(2n2 + 7

n2 + 1

)n
(II)

∞∑
n=2

21/n

n− 1
(III)

∞∑
n=1

n!

en

For (I), we apply the n th root test. limn→∞
n
√
|an| = limn→∞

2n2 + 7

n2 + 1

= limn→∞
2 + 7/n2

1 + 1/n2
= 2 > 1. Therefore the series diverges.

∑∞
n=2

21/n

n− 1
diverges by direct comparison with the series

∑ 1

n
, since

21/n

n− 1
>

1

n− 1
>

1

n
for all n.

For III, we apply the ratio test, limn→∞
|an+1|
|an|

= limn→∞
(n+ 1)!

en+1

/n!

en

= limn→∞
n+ 1

e
=∞ > 1. Therefore the series diverges.

Therefore they all diverge.
Which of the following statements is true?

(a) (I) converges, (II) diverges, and (III) converges.

(b) They all converge.

(c) They all diverge.

(d) (I) diverges, (II) diverges, and (III) converges.

(e) (I) converges, (II) diverges, and (III) diverges.
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4.(7 pts.) Which series below conditionally converges?

Recall that a series is conditionally convergent if it is convergent but not absolutely
convergent. Note immediately that c) and e) are divergent as their terms tend not to
zero as n goes to infinity. Now, b), a), and d) are convergent by the alternating series
test. Further, considering the corresponding series given by taking the absolute value
term wise we see that a) and b) are absolutely convergent , while d) is not. Hence d)
alone is conditionally convergent.

(a)
∞∑
n=1

(−1)n−1

n2
(b)

∞∑
n=1

(−1)n−1√
n3

(c)
∞∑
n=1

(−1)n−1en√
n

(d)
∞∑
n=1

(−1)n−1√
n

(e)
∞∑
n=1

(−1)n−1
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5.(7 pts.) Consider the following series;

(I)
∞∑
n=1

(√
n+ 1

2n+ 1

)n
(II)

∞∑
n=2

(−1)n2n
√
n

(n− 2)!

Which of the following is true?

(a) Both of the series diverge.

(b) Both of the series converge.

(c) (I) converges and (II) diverges.

(d) (I) diverges and (II) converges.

(e) The ratio test applied to (II) is inconclusive.

Series (I) converges by the root test:

lim
n→∞

|an|1/n = lim
n→∞

√
n+ 1

2n+ 1
= 0 < 1.

Series (II) converges by the ratio test:

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

2n+1
√
n+ 1

(n− 1)!

(n− 2)!

2n
√
n

= lim
n→∞

= lim
n→∞

2

n− 1

√
n+ 1

n
= 0 < 1.

6.(7 pts.) Which series below is the MacLaurin series (Taylor series centered at 0) for
x2

1 + x
?

x2

1 + x
=

x2

1− (−x)
= x2

∞∑
n=0

(−x)n =
∞∑
n=0

(−1)nxn+2,

for |x| < 1.

(a)
∞∑
n=0

(−1)n xn+2 (b)
∞∑
n=0

(−1)nx2n (c)
∞∑
n=0

xn+2

n+ 2

(d)
∞∑
n=2

(−1)nx2n−2

n!
(e)

∞∑
n=0

x2n+2
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7.(7 pts.) Which series below is a power series for cos(
√
x) ?

Solution: Since cosx =
∞∑
n=0

(−1)n
x2n

(2n)!
, we have

cos(
√
x) =

∞∑
n=0

(−1)n
(
√
x)2n

(2n)!
=
∞∑
n=0

(−1)n
xn

(2n)!
= 1− x

2!
+
x2

4!
− · · · .

(a)
∞∑
n=0

(−1)nx2n−
1
2

(2n)!
(b)

∞∑
n=0

(−1)nxn

(2n+ 1)!
(c)

∞∑
n=0

(−1)nxn

n2 + 1

(d)
∞∑
n=0

(−1)n
√
x
n

(2n)!
(e)

∞∑
n=0

(−1)nxn

(2n)!

8.(7 pts.) Calculate

lim
x→0

sin(x3)− x3

x9
.

Hint: Without MacLaurin series this may be a long problem.

Since sin x =
∞∑
n=0

(−1)n
x2n+1

(2n+ 1)!
= x− x3

3!
+
x5

5!
− · · · , we have

sin(x3) =
∞∑
n=0

(−1)n
x6n+3

(2n+ 1)!
= x3 − x9

3!
+
x15

5!
− · · · ,

and

lim
x→0

sin(x3)− x3

x9
= lim

x→0

(x3 − x9

3!
+
x15

5!
− · · · )− x3

x9
= lim

x→0

−x
9

3!
+
x15

5!
− · · ·

x9
= −1

6
.

(a)
9

7
(b) 0 (c) −1

6
(d) ∞ (e)

7

9
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9.(7 pts.) Find a power series representation for the the function f(x) = ln (1− x2).
Hint:

d

dx
ln (1− x2) =

−2x

1− x2
.

Solution:
Using the hint as a starting place, we can find the expansion for the derivative and then
integrate term by term to arrive at a power series for the initial function. From our
knowledge of the geometric series, we can write

1

1− x2
=
∞∑
n=0

x2n, so locally
d

dx
ln (1− x2) =

∞∑
n=0

−2x2n+1.

Then we integrate and solve for our constant of integration, f(0) = ln(1) = 0, so in the
end we find our power series about 0 is

ln(1− x2) =
∞∑
n=0

(−2)x2n+2

2n+ 2
.

(a)
∞∑
n=0

(−2)nx2n (b)
∞∑
n=0

(−2)(2n+ 1)x2n (c)
∞∑
n=0

(−2)nx2n+2

2n+ 2

(d)
∞∑
n=0

(−2)x2n+2

2n+ 2
(e)

∞∑
n=0

(−2)nx2n+1

2n+ 1
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10.(7 pts.) Consider the function f(x) defined as

f(x) =
∞∑
n=0

(−1)nxn

3nn!
, −∞ < x <∞.

Which of the following statements is true?
There are two approaches: one is to termwise antidifferentiate f(x) to get a power series
expansion for an antiderivative F (x) of f(x) such that F (0) = 0. Then∫ 1

0

f(x)dx = F (1)

where F (1) will already be written as a series. The other approach (will be given in full
here) is to recognize that f(x) = e−x/3. To see this, write

e−x/3 =
∞∑
n=0

(−x/3)n

n!
=
∞∑
n=0

(−1)nxn

3nn!
= f(x).

Now, ∫ 1

0

f(x)dx =

∫ 1

0

e−x/3dx = −3e−x/3
∣∣∣∣1
0

= 3− 3e−1/3

Now we expand e−1/3 using the power series for ex:

3− 3e−1/3 = 3− 3
∞∑
n=0

(−1/3)n

n!
= −3

∞∑
n=1

(−1)n

3nn!
=
∞∑
n=1

(−1)n−1

3n−1n!
=
∞∑
n=0

(−1)n

3n(n+ 1)!

(a)

∫ 1

0

f(x)dx =
∞∑
n=0

(−1)n+1

3n+1(n+ 1)!
(b)

∫ 1

0

f(x)dx =

(
∞∑
n=0

(−1)n

3n(n+ 1)!

)
− 1

(c)

∫ 1

0

f(x)dx =
∞∑
n=0

(−1)n

3n(n+ 1)!
(d)

∫ 1

0

f(x)dx =

(
∞∑
n=0

(−1)n+1

3nn!

)
− 1

(e)

∫ 1

0

f(x)dx =
∞∑
n=0

(−1)n

3nn!

9



Name:

Instructor:

11.(7 pts.) What is the fourth Taylor polynomial, T4(x), for cos(2x) with center a = π?
Solution:

cos(2π) = 1

cos(2x)′|x=π = −2 sin(2π) = 0

cos(2x)(2)|x=π = −4 cos(2π) = −4

cos(2x)(3)|x=π = 8 sin(2π) = 0

cos(2x)(4)|x=π = 16 cos(2π) = 16

Hence the Taylor polynomial at x = π is

1− 2(x− π)2 +
2

3
(x− π)4

1− 2(x− π)2 +
2

3
(x− π)4

(a) 1− 1

2!
x2 +

1

4!
x4 (b) 1− 1

2!
(x− π)2 +

1

4!
(x− π)4

(c) 1− 2(x− π)2 +
2

3
(x− π)4 (d) 1 + 4(x− π)2 + 16(x− π)4

(e) 1− 4(x− π)2 + 16(x− π)4
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12.(7 pts.)

The graph of the parametric curve shown above is the graph of which of the following
parametric equations?
Solution: Since the graph passes the points (−2, 0), (2, 0), (0,−3), (0, 3), only x(t) =
2 sin(t), y(t) = 3 cos(t), 0 ≤ t ≤ 2π and x(t) = 2 cos(t), y(t) = 3 sin(t), 0 ≤ t ≤ 2π
are possible. Observe that the curve is clockwise, so x(t) = 2 sin(t), y(t) = 3 cos(t), 0 ≤
t ≤ 2π is the correct one.

x(t) = 2 sin(t), y(t) = 3 cos(t)

(a) x(t) = 3 cos(t), y(t) = 2 sin(t), 0 ≤ t ≤ 2π.

(b) x(t) = 2 cos(t), y(t) = 3 sin(t), 0 ≤ t ≤ 2π.

(c) x(t) = 2 sin(t), y(t) = 3 cos(t), 0 ≤ t ≤ 2π.

(d) x(t) =
3

2
sin(t), y(t) = cos(t), 0 ≤ t ≤ 2π.

(e) x(t) = 3 sin(t), y(t) = 2 cos(t), 0 ≤ t ≤ 2π.
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Partial Credit
You must show your work on the partial credit problems to receive credit!

13.(12 pts.) Find the radius of convergence and interval of convergence of the power
series

∞∑
n=1

(−1)n√
n

(x− 3)n

Remark: The correct answer with no justification is worth 2 points.

Set an =
(−1)n√

n
(x− 3)n. Using the Ratio Text,

lim
n→∞

|an+1|
|an|

= lim
n→∞

√
n√

n+ 1
|x− 3| = |x− 3|.

Hence, the radius of convergence is 1, and the series converges absolutely for |x−3| < 1,
or 2 < x < 4.

For the end points,

when x = 2, the series is
∞∑
n=1

(−1)n(−1)n√
n

=
∞∑
n=1

1√
n

which is divergent since it is a

p-series with p =
1

2
< 1;

when x = 4, the series is
∞∑
n=1

(−1)n(1)n√
n

which is convergent since it’s an alternating

series, and bn =
1√
n

is decreasing and lim
n→∞

1√
n

= 0.

Hence, the interval of convergence is 2 < x ≤ 4.
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14.(12 pts.)

(a) Show that
∞∑
n=0

(−1)nx2n =
1

1 + x2

provided that |x| < 1.

(b) Find
∞∑
n=0

(−1)n

(2n+ 1)(
√

3)2n+1
.

(Hint: First use term-by-term integration on the series in part (a).)
(a) Since |x| < 1 , we have |x2| < 1. Hence

1

1 + x2
=

1

1− (−x2)
=
∞∑
n=0

(−x2)n =
∞∑
n=0

(−1)nx2n.

(b) Integrate both the left and right hands of (a) to get∫ ∞∑
n=0

(−1)nx2ndx =

∫
1

1 + x2
dx

⇒
∞∑
n=0

∫
(−1)nx2ndx =

∫
1

1 + x2
dx

⇒
∞∑
n=0

(−1)n
x2n+1

2n+ 1
= arctanx+ C.

Letting x = 0, we have C = 0. Hence, we have
∞∑
n=0

(−1)n
x2n+1

2n+ 1
= arctanx.

Let x =
1√
3

. We get

∞∑
n=0

(−1)n

(2n+ 1)(
√

3)2n+1
= arctan

1√
3

=
π

6
.
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15. (6 pts.) Please circle “TRUE” if you think the statement is true, and circle “FALSE”
if you think the statement is False.

(a)(1 pt. No Partial credit) The series
∞∑
n=1

2n

3n
converges by the nth root test.

TRUE FALSE

(b)(1 pt. No Partial credit) The series
∞∑
n=1

1

n2
converges.

TRUE FALSE

(c))(1 pt. No Partial credit) The first three terms of the power series
∞∑
n=0

x2n

(2n+ 3)!
are

given by 1 +
x2

2!
+
x4

4!

TRUE FALSE

(d))(1 pt. No Partial credit) If f(x) =
∞∑
n=0

(−1)n
xn

2n
, then f ′′(0) =

1

4

TRUE FALSE

(e))(1 pt. No Partial credit) The series
∞∑
n=1

(−1)n√
n

diverges.

TRUE FALSE

(f))(1 pt. No Partial credit) If cos(x) =
∞∑
n=0

xn

(2n)!
, for all values of x.

TRUE FALSE
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